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We study the gravitational dynamics in the early inspiral phase of coalescing compact 
binaries using Non-Relativistic General Relativity (NRGR) - an effective field theory 
C ' formalism based on the post-newtonian expansion, but which provides a consistent la- 

^2 , grangian framework and a systematic way in which to study binary dynamics and grav- 

itational wave emission. We calculate in this framework the spin-orbit correction to the 
ncwtonian potential at 2.5 PN. 
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First introduced by Goldberger and Rothstein/ Non-Relativistic General Rela- 
(3J[)| tivity (NRGR) provides a consistent framework using a lagrangian formalism where 

observables can in principle be calculated at any order in the velocity expansion. 
p^ . Corrections to the newtonian potential, such as the spinless IPN and 2PN terms 

K* ' have been successfully calculated using the NRGR framework/'^ in perfect agree- 

2jL ' ment with previous post-newtonian calculations. In addition, Porto has developed a 

\^^ , formalism which takes into account the spins of each of the compact objects.^ Porto 

^^ ' showed that one can allow the local frame basis to rotate by adding rotational 

ty^ . degrees of freedom (e^) to the worldline action. The generalized angular velocity 

. is defined by fl'^'^ — e'^ -jx', and the spin tensor S'pi, is introduced as the conju- 

gate momentum to fi^i,. The worldline action, which is fixed by reparametrization 
invariance, is of the form;^ 

X': s^-H {jptu'.dK + 1 \sr^i.dx^ . (1) 

In order to maintain the correct number of degrees of freedom, a spin supplementary 
condition (SSC) is added to the equations of motion. Using this formalism, Porto 
& Rothstein calculated spin(l)-spin(2) and spin-squared couplings at leading order 
(2PN) and next-to- leading order (SPN),"*^^ in agreement with the post-newtonian 
results from Schaefer et al.^^^ The coupling of compact object spin with the angular 
momentum of the binary {spin-orbit coupling) was calculated by Porto & Rothstein 
at leading order (1.5PN):^ 

y^ipN = ^^^ {S{' + Si\v^, - 2vl)) + 1 o 2 (2) 

The next-to- leading order spin-orbit term at 2.5PN had not yet been calculated in 
NRGR. Calculations of this term have been done using post-newtonian techniques 
by Buonanno et al.,® Tagoshi et al.^ and Damour et al.^° We note that Kol & 
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Smolkin have also explored spin-orbit at 2.5PN using NRGR methods and the so- 
called Kol variables. However they have so far only presented diagrams. ^^ In this 
paper, we use the same spin formalism and methods that Porto & Rothstein used to 
calculate the 3PN spin(l)-spin(2) term.** At the next-to-leading order in spin-orbit, 
we have linear terms for the spin (Eq. 3), as well as quadratic terms (2 gravitons 
coupling to the spin term) (Eq. 4): 

^-2^^-^^"'"^ (3) 

^ S^-'u^'H^^ilHpx.^f. + H^x.^p-H^p^x) (4) 



4M2 ^ ' 2 



At 2.5PN, the potential is represented by a combination of Feynman diagrams: 

1. Potential from single-graviton exchange 

Gm2 



T4i 



single 



2r2 



■(n'= 5f K«l' + 2«^(tr2' -2v{.v'2)} 



+S^''{4:ra^-2{v'[-2v^)v2-n-3n''v2^ +4:n''v{.v'2}) (5) 
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Fig. 1. Diagrams with single-graviton exchange. The blobs represent spin insertions. The leading 
order spin vertex introduces a o(ti^) correction. 



2. Potential from propagator corrections 

Gm2 



V, 



P™P ~ 2 r2 



(S°''{ra2 -ra2.nn^ + 2 v^ V2 .n + n'' {vi'^ - 3(i;l.n)^)} 



+5i''{-2ra2(wi - n^ v{.n) - ra\v2 +v\vl.nv"2'^ - 2 wj" ^2 ^3 «"5-"^ 
+n''{ra\ V2.fi +{v\ ~2v2){vl.vi - 3wl.nwl;.n))}j (6) 
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Fig. 2. Single-graviton diagrams writh propagator corrections, which scale as o{v'^). There are 
different ways to calculate this term. 
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3. Potential from quadratic diagrams 

/~'2 

V;eagun = ^n'' (mi(5f + 5f K -2vl)) + 2m25f (z;^ - vl)) (7) 

Q Q — O— • — — O— • — — O— • — 
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Fig. 3. Quadratic "seagull" diagrams with doublc-graviton exchange. The leading order quadratic 
spin vertex scales as o(t)^). 



4. Potential from 3-graviton diagrams 



^3-grav - -^^ n^ (4 (mi + m2)5f - Sf (3 m2v\ + (4mi + m^) v^)) (8) 
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Fig. 4. 3-graviton diagrams. The leading order 3-graviton vertex scales as o(v^), while crosses 
correspond to o(v) - corrections to the 3-graviton vertex. 3-graviton vertices were computed with 
the help of Rothstein's 3-graviton code.^^ 



5. Spin-orbit potential at 2.5PN 

From the sum of these diagrams, we extract the spin-orbit potential at 2.5PN: 

V2°5PN = §7?(^?'' {3^«2 + ral.nn'= + 2v2.ft{v!^ - v'l) + n'' (3 {v^.n)^ + 4 {v{.vi - vi^))} 

+Sl''{2ra2 {v'l - n'^v'i.n) +ra\v2 - vlvi.nv^ + 2v'[v2V2.n 

+n'' {{-ra\ + 3vlvl.n- Qvi.nvl)v2.n - (iJi.i;! - V2^) {v\ -^2vl))} 

+ -n'=(2mi(5f - Sf v\) + m2(4^f + S\\v\ - bv^)))) + 1 o 2 (9) 

r / 
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Using the methods of NRGR, we have calculated the next-to-leading order 
(2.5PN) spin-orbit correction to the gravitational potential in inspiralling compact 
binaries. Because of the different gauges, a direct comparison of this potential with 
that of Buonanno et al.* is not possible at this stage. The calculation of a gauge- 
invariant quantity such as the energy of circular orbits is the object of an upcoming 
publication. Other subtleties such as different definitions for spin also need to be 
considered when comparing results. Spin is here defined in the local frame of each 
compact object, as opposed to the PN frame used by Buonanno et al.® We note 
that while the second version of this paper was being written, Porto computed the 
NRGR potential at the same order and cross-checked it against PN calculations 
using the spin precession equation. ^'^ 
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